Fueter's theorem: The saga continues  by Peña Peña, Dixan & Sommen, Frank
J. Math. Anal. Appl. 365 (2010) 29–35Contents lists available at ScienceDirect
Journal of Mathematical Analysis and
Applications
www.elsevier.com/locate/jmaa
Fueter’s theorem: The saga continues
Dixan Peña Peña a,∗, Frank Sommen b
a Department of Mathematics, Aveiro University, 3810-193 Aveiro, Portugal
b Department of Mathematical Analysis, Ghent University, 9000 Ghent, Belgium
a r t i c l e i n f o a b s t r a c t
Article history:
Received 1 September 2009
Available online 7 October 2009
Submitted by A.V. Isaev
Keywords:
Fueter’s theorem
CK-extension
Almansi–Fischer decomposition
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1. Introduction and preliminaries
Let R0,m be the 2m-dimensional real Clifford algebra constructed over the orthonormal basis (e1, . . . , em) of the Euclidean
space Rm (see [2]). The multiplication in R0,m is determined by the relations
e jek + eke j = −2δ jk, j,k = 1, . . . ,m,
where δ jk is the Kronecker delta. A basis for the algebra R0,m is then given by the elements
eA = e j1 · · · e jk ,
where A = { j1, . . . , jk} ⊂ {1, . . . ,m} is such that j1 < · · · < jk . For the empty set ∅, we put e∅ = 1, the latter being the
identity element.
Any Clifford number a ∈ R0,m may thus be written as
a =
∑
A
aAeA, aA ∈ R,
and its conjugate a is given by
a =
∑
A
aAeA, eA = e jk · · · e j1 , e j = −e j, j = 1, . . . ,m.
Observe that Rm+1 may be naturally embedded in R0,m by associating to any element (x0, x1, . . . , xm) ∈ Rm+1 the paravector
x = x0 + x = x0 +∑mj=1 x je j .
Let us recall that an R0,m-valued function f deﬁned and continuously differentiable in an open set Ω of Rm+1, is said
to be (left) monogenic in Ω if ∂x f = 0 in Ω , where
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is the generalized Cauchy–Riemann operator in Rm+1 and
∂x =
m∑
j=1
e j∂x j
is the Dirac operator in Rm . Null-solutions of ∂x are also called monogenic functions.
These functions are a fundamental object in Clifford analysis and may be considered as a natural generalization to higher
dimension of the holomorphic functions in the complex plane (see e.g. [1]).
It is worth remarking that ∂x and ∂x factorize the Laplacian, i.e.
x =
m∑
j=1
∂2x j = −∂2x ,
x = ∂2x0 + x = ∂x∂x = ∂x∂x,
and therefore every monogenic function is also harmonic.
An interesting fact about the monogenic functions was ﬁrst observed by Fueter (see [4]) in the setting of quaternionic
analysis: it is possible to generate monogenic functions using holomorphic functions in the upper half of the complex plane.
This fact, which is now known as Fueter’s theorem, was later extended to the case of R0,m-valued functions by Sce [16]
(m odd) and Qian [14] (m even). For further works on this topic we refer the reader to [5–7,10–13,15,19].
Let f (z) = u(t1, t2) + iv(t1, t2) (z = t1 + it2) be a holomorphic function in some open subset Ξ ⊂ C+ = {z ∈ C: t2 > 0};
and let Pk(x) be a homogeneous monogenic polynomial of degree k in Rm , i.e.
∂x Pk(x) = 0, x ∈ Rm,
Pk(tx) = tk Pk(x), t ∈ R.
Put ω = x/r, with r = |x| =√−x2. In this paper we will focus on the following generalization of Fueter’s theorem obtained
in [19].
Theorem 1. If m is odd, then the function

k+m−12
x
[(
u(x0, r) + ωv(x0, r)
)
Pk(x)
]
is monogenic in Ω˜ = {x ∈ Rm+1: (x0, r) ∈ Ξ}.
Remark. The case k = 0 corresponds to Sce’s result.
The purpose of this paper is to prove that Theorem 1 is still valid if we replace Pk(x) by a homogeneous monogenic
polynomial Pk(x0, x) of degree k in Rm+1 (this problem arose from discussions between Qian and Sommen). In order to
attain this goal, we will ﬁrst prove an extension of Fueter’s theorem that uses C-valued functions satisfying the equation
∂z¯
p
z f (z) = 0, p ∈ N0,
as initial functions instead of the usual holomorphic functions. Here and throughout ∂z¯ and z denote, respectively, the
well-known Cauchy–Riemann operator
∂z¯ = 12 (∂t1 + i∂t2)
and the Laplacian in two dimensions
z = ∂2t1 + ∂2t2 .
2. A higher order version of the original Fueter’s theorem
We begin this section with two essential lemmas. The proof of Lemma 1 may be found in [10,11].
Lemma 1. Suppose that f (t1, . . . , td) is an R-valued inﬁnitely differentiable function in an open set of Rd and that Dt j (n) and D
t j (n),
n ∈ N0 , are differential operators deﬁned by
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(
1
t j
∂t j
)n
{ f }, Dt j (0){ f } = f ,
Dt j (n){ f } = ∂t j
(
Dt j (n − 1){ f }
t j
)
, Dt j (0){ f } = f ,
j = 1, . . . ,d. Then one has
(i) ∂2t j Dt j (n){ f } = Dt j (n){∂2t j f } − 2nDt j (n + 1){ f },
(ii) ∂2t j D
t j (n){ f } = Dt j (n){∂2t j f } − 2nDt j (n + 1){ f },
(iii) Dt j (n){∂t j f } = ∂t j Dt j (n){ f },
(iv) Dt j (n){∂t j f } − ∂t j Dt j (n){ f } = 2n/t j Dt j (n){ f }.
Lemma 2. Suppose that g is an R-valued inﬁnitely differentiable function in an open set of R2+ = {(t1, t2) ∈ R2: t2 > 0}. Then for
n ∈ N0 , we have that
(i) nx
(
g(x0, r)Pk(x)
)= ( n∑
j=0
dk,m( j)
(
n
j
)
Dr( j)
n− j
z g(x0, r)
)
Pk(x),
(ii) nx
(
g(x0, r)ωPk(x)
)= ( n∑
j=0
dk,m( j)
(
n
j
)
Dr( j)n− jz g(x0, r)
)
ωPk(x),
where
dk,m( j) = (2k +m − 1)(2k +m − 3) · · ·
(
2k +m − (2 j − 1)),
dk,m(0) = 1.
Proof. It is easily seen that
∂xg =
m∑
j=1
e j∂x j g =
m∑
j=1
e j(∂r g)(∂x j r)
=
m∑
j=1
e j(∂r g)
x j
r
= ω∂r g,
xω = −∂2xω = (m − 1)∂x
(
1
r
)
= − (m − 1)
r2
ω,
xg = ∂2x0 g + xg = ∂2x0 g − ∂x(ω∂r g)
= ∂2x0 g + ∂2r g +
m − 1
r
∂r g.
Therefore
x(gPk) = (xg)Pk + 2
m∑
j=1
(∂x j g)(∂x j Pk) + g(x Pk)
=
(
∂2x0 g + ∂2r g +
m − 1
r
∂r g
)
Pk + 2∂r gr
m∑
j=1
x j∂x j Pk
=
(
∂2x0 g + ∂2r g +
2k +m − 1
r
∂r g
)
Pk
= (∂2x0 g + ∂2r g + (2k +m − 1)Dr(1){g})Pk (1)
and
x(gωPk) = (xω)gPk + 2
m∑
(∂x jω)
(
∂x j (gPk)
)+ ωx(gPk)
j=1
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r2
gωPk + 2
m∑
j=1
(
e j
r
− x j
r2
ω
)(
x j
r
(∂r g)Pk + g(∂x j Pk)
)
+
(
∂2x0 g + ∂2r g +
2k +m − 1
r
∂r g
)
ωPk
=
(
∂2x0 g + ∂2r g + (2k +m − 1)
(
∂r g
r
− g
r2
))
ωPk
= (∂2x0 g + ∂2r g + (2k +m − 1)Dr(1){g})ωPk, (2)
where we have also used Euler’s theorem for homogeneous functions.
The proof now follows by induction using equalities (1)–(2) together with statements (i)–(ii) of Lemma 1. 
The previous lemma allows us to obtain a method to generate functions on Rm+1 that satisfy the equation

p
x F (x0, x) = 0, (3)
using functions fulﬁlling an equation of the same type in R2

p
z g(t1, t2) = 0. (4)
Proposition 1. Let m be odd. If g is an R-valued solution of (4) in Ξ ⊂ R2+ , then

k+m−12
x
(
g(x0, r)Pk(x)
)
and

k+m−12
x
(
g(x0, r)ωPk(x)
)
satisfy Eq. (3) in Ω˜ = {x ∈ Rm+1: (x0, r) ∈ Ξ}.
Proof. We ﬁrst observe that if m is odd, then each factor which appears in the deﬁnition of dk,m( j) is even. Now, by
Lemma 2, we have that

p+k+m−12
x
(
g(x0, r)Pk(x)
)= ( p+k+m−12∑
j=0
dk,m( j)
(
p + k + m−12
j
)
Dr( j)
p+k+m−12 − j
z g(x0, r)
)
Pk(x),

p+k+m−12
x
(
g(x0, r)ωPk(x)
)= ( p+k+m−12∑
j=0
dk,m( j)
(
p + k + m−12
j
)
Dr( j)
p+k+m−12 − j
z g(x0, r)
)
ωPk(x).
Clearly, the ﬁrst k + (m + 1)/2 terms in the above equalities vanish since g is by hypothesis a solution of (4). Finally, note
that 2k +m − (2 j − 1) 0 for j  k + (m + 1)/2 and therefore dk,m( j) = 0 for j  k + (m + 1)/2. 
Theorem 2. Let f (z) = u(t1, t2) + iv(t1, t2) be a C-valued function satisfying in some open subset Ξ ⊂ C+ the equation
∂z¯
p
z f (z) = 0, p ∈ N0.
If m is odd, then the function

p+k+m−12
x
[(
u(x0, r) + ωv(x0, r)
)
Pk(x)
]
is monogenic in Ω˜ = {x ∈ Rm+1: (x0, r) ∈ Ξ}.
Proof. By Lemma 2, we get that

p+k+m−12
x
[(
u(x0, r) + ωv(x0, r)
)
Pk(x)
]= (2k +m − 1)!!(p + k + m−12
k + m−12
)(
A(x0, r) + ωB(x0, r)
)
Pk(x),
with
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(
k + m − 1
2
){

p
z u
}
,
B = Dr
(
k + m − 1
2
){

p
z v
}
.
It thus remains to prove that A and B satisfy the Vekua-type system (see [8,10,17,18])⎧⎨⎩ ∂x0 A − ∂r B =
2k +m − 1
r
B,
∂x0 B + ∂r A = 0.
In order to do that, it will be necessary to use the fact that u and v satisfy in Ξ the system{
∂t1
p
z u − ∂t2pz v = 0,
∂t1
p
z v + ∂t2pz u = 0,
and statements (iii)–(iv) of Lemma 1.
Indeed,
∂x0 A − ∂r B = Dr
(
k + m − 1
2
){
∂x0
p
z u
}− ∂r Dr(k + m − 1
2
){

p
z v
}
= Dr
(
k + m − 1
2
){
∂r
p
z v
}− ∂r Dr(k + m − 1
2
){

p
z v
}
= 2k +m − 1
r
Dr
(
k + m − 1
2
){

p
z v
}
= 2k +m − 1
r
B
and
∂x0 B + ∂r A = Dr
(
k + m − 1
2
){
∂x0
p
z v
}+ ∂r Dr(k + m − 1
2
){

p
z u
}
= Dr
(
k + m − 1
2
){
∂x0
p
z v
}+ Dr(k + m − 1
2
){
∂r
p
z u
}
= Dr
(
k + m − 1
2
){
∂x0
p
z v + ∂rpz u
}
= 0,
which completes the proof. 
3. Fueter’s theorem with an extra monogenic factor Pk(x0, x)
Before starting the proof of the main theorem, we need to recall two basic results of Clifford analysis (see [1,3,9]).
Theorem 3 (CK-Extension Theorem). Every function g(x) analytic in Rm has a unique monogenic extension CK[g] to Rm+1 , which is
given by
CK
[
g(x)
]
(x) =
∞∑
j=0
(−x0) j
j! ∂
j
x g(x).
Let us denote by P(k), k ∈ N, the set of all R0,m-valued homogeneous polynomials of degree k in Rm . It contains the
important subspace M+(k) consisting of all homogeneous monogenic polynomials of degree k.
Theorem 4 (Almansi–Fischer Decomposition). Let k ∈ N. Then
P(k) =
k⊕
n=0
xnM+(k − n).
We are now ready to prove the ﬁnal result.
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Pk(x0, x) is a homogeneous monogenic polynomial of degree k in Rm+1 . If m is odd, then the function

k+m−12
x
[(
u(x0, r) + ωv(x0, r)
)
Pk(x0, x)
]
is monogenic in Ω˜ = {x ∈ Rm+1: (x0, r) ∈ Ξ}.
Proof. It is clear from Theorem 3 that Pk(x0, x) = CK[Pk(0, x)](x). By Theorem 4, there exist unique Pk−n(x) ∈ M+(k − n)
such that
Pk(x0, x) =
k∑
n=0
CK
[
xn Pk−n(x)
]
(x).
Thus, it suﬃces to prove the monogenicity of

k+m−12
x
[(
u(x0, r) + ωv(x0, r)
)
CK
[
xn Pk−n(x)
]
(x)
]
, n = 0, . . . ,k.
As
CK
[
xn Pk−n(x)
]
(x) =
k∑
j=0
(−x0) j
j! ∂
j
x
(
xn Pk−n(x)
)
and on account of the equality
∂x
(
xn Pk−n(x)
)= {−(2k +m − n − 1)xn−1Pk−n(x), if n odd,−nxn−1Pk−n(x), if n even,
we may conclude that CK[xn Pk−n(x)](x) is of the form
CK
[
xn Pk−n(x)
]
(x) =
(
k∑
j=0
c jx
j
0x
n− j
)
Pk−n(x), c j ∈ R.
Therefore
CK
[
xn Pk−n(x)
]
(x) = (U (x0, r) + ωV (x0, r))Pk−n(x),
where U and V are R-valued homogeneous polynomial of degree n in the variables x0 and r. Its corresponding C-valued
function g(z) = U (t1, t2) + iV (t1, t2) clearly satisﬁes
∂n+1z¯ g(z) = 0, z ∈ C,
whence
∂n+1z¯
(
f (z)g(z)
)= 0, z ∈ Ξ,
i.e. f (z)g(z) is (n + 1)-holomorphic in Ξ . It then follows that
∂z¯
n
z
(
f (z)g(z)
)= 0, z ∈ Ξ.
The proof now follows by using Theorem 2. 
Acknowledgment
D. Peña Peña was supported by a Post-Doctoral Grant of Fundação para a Ciência e a Tecnologia, Portugal (grant number: SFRH/BPD/45260/2008).
References
[1] F. Brackx, R. Delanghe, F. Sommen, Clifford Analysis, Res. Notes Math., vol. 76, Pitman (Advanced Publishing Program), Boston, MA, 1982.
[2] W.K. Clifford, Applications of Grassmann’s extensive algebra, Amer. J. Math. 1 (4) (1878) 350–358.
[3] R. Delanghe, F. Sommen, V. Soucˇek, Clifford Algebra and Spinor-Valued Functions, Math. Appl., vol. 53, Kluwer Academic Publishers Group, Dordrecht,
1992.
[4] R. Fueter, Die funktionentheorie der differentialgleichungen u = 0 und u = 0 mit vier variablen, Comment. Math. Helv. 7 (1935) 307–330.
[5] K.I. Kou, T. Qian, F. Sommen, Generalizations of Fueter’s theorem, Methods Appl. Anal. 9 (2) (2002) 273–289.
[6] G. Laville, E. Lehman, Analytic Cliffordian functions, Ann. Acad. Sci. Fenn. Math. 29 (2) (2004) 251–268.
[7] G. Laville, I. Ramadanoff, Holomorphic Cliffordian functions, Adv. Appl. Clifford Algebr. 8 (2) (1998) 323–340.
D. Peña Peña, F. Sommen / J. Math. Anal. Appl. 365 (2010) 29–35 35[8] P. Lounesto, P. Bergh, Axially symmetric vector ﬁelds and their complex potentials, Complex Var. Theory Appl. 2 (2) (1983) 139–150.
[9] H.R. Malonek, G. Ren, Almansi-type theorems in Clifford analysis, Math. Methods Appl. Sci. 25 (16–18) (2002) 1541–1552.
[10] D. Peña Peña, Cauchy–Kowalevski extensions, Fueter’s theorems and boundary values of special systems in Clifford analysis, PhD thesis, Ghent Univer-
sity, 2008, available at http://hdl.handle.net/1854/11636.
[11] D. Peña Peña, F. Sommen, A generalization of Fueter’s theorem, Results Math. 49 (3–4) (2006) 301–311.
[12] D. Peña Peña, F. Sommen, Monogenic Gaussian distribution in closed form and the Gaussian fundamental solution, Complex Var. Elliptic Equ. 54 (5)
(2009) 429–440.
[13] D. Peña Peña, F. Sommen, A note on the Fueter theorem, Adv. Appl. Clifford Algebr. (2009), doi:10.1007/s00006-009-0179-y, in press.
[14] T. Qian, Generalization of Fueter’s result to Rn+1, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 8 (2) (1997) 111–117.
[15] T. Qian, F. Sommen, Deriving harmonic functions in higher dimensional spaces, Z. Anal. Anwend. 22 (2) (2003) 275–288.
[16] M. Sce, Osservazioni sulle serie di potenze nei moduli quadratici, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 23 (1957) 220–225.
[17] F. Sommen, Plane elliptic systems and monogenic functions in symmetric domains, Rend. Circ. Mat. Palermo (2) 6 (1984) 259–269.
[18] F. Sommen, Special functions in Clifford analysis and axial symmetry, J. Math. Anal. Appl. 130 (1) (1988) 110–133.
[19] F. Sommen, On a generalization of Fueter’s theorem, Z. Anal. Anwend. 19 (4) (2000) 899–902.
